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Chemical waves are initiated in an excitable medium by resonance with local periodic forcing of the
excitability. Experiments are carried out with a photosensitive Belousov-Zhabotinsky medium, in which
the excitability is varied according to the intensity of the imposed illumination. Complex resonance
patterns are exhibited as a function of the amplitude and frequency of the forcing. Local resonance-
induced wave initiation transforms the medium globally from a quiescent excitable steady state to a
periodic state of successive traveling waves.
DOI: 10.1103/PhysRevLett.96.244101 PACS numbers: 82.40.Bj, 05.45.a, 05.65.+b, 47.54.r
The most common source of wave initiation in excitable
media is a localized oscillatory region that serves as a
pacemaker, emitting successive waves into the medium.
In the Belousov-Zhabotinsky (BZ) reaction [1], dust parti-
cles or other heterogeneities cause the system to become
locally oscillatory, and waves emanate from these sources
at the frequency of the local oscillation [2–6]. Waves can
also be initiated with a desired frequency at a silver elec-
trode by electrochemically removing the bromide ion [7,8],
an inhibitor of autocatalysis in the BZ reaction [9]. It is
likely that the surface adsorption of bromide (or bromine)
is responsible for the spontaneous pacemakers at hetero-
geneities such as dust particles. Self-sustaining spiral
waves are another common wave source; however, spirals
do not spontaneously appear in quiescent excitable media.
Spiral waves may be deliberately generated by breaking a
wave, for example, by mechanical agitation of a BZ solu-
tion or by erasing part of a circular wave [1,3,10–12].
Spiral waves occur spontaneously in heterogeneous media,
such as heart tissue [11,13–15] or heterogeneous BZ media
[16–18]. Specific initial conditions also give rise to spiral
waves, the most common being cross field stimulation
[13,19] and wave initiation in the wave back or ‘‘vulner-
able region’’ of a propagating wave [20,21].
In this Letter, we present a new type of wave source
in excitable media, a resonance-induced pacemaker.
Resonance wave initiation is not dependent on the system
parameters crossing into the oscillatory regime, as with
oscillatory pacemakers, but relies on small amplitude mod-
ulations of the local excitability [22]. Sustained wave
initiation is exhibited with an appropriately tuned ampli-
tude and frequency, which may occur in complex patterns
with respect to the driving frequency. In all cases, wave
initiation occurs without varying the system parameters
into the oscillatory regime.
Experiments were carried out using a photosensitive BZ
gel medium, with the ruthenium(II)-bipyridyl complex as
the light-sensitive catalyst [23,24]. This catalyst is excited
by 460 nm light, and its excited state reacts with the bro-
momalonic acid reactant to produce bromide ions [25]. The
excitability of the system can therefore be adjusted by
varying the light intensity imposed on the medium, with
excitability decreasing with increasing light intensity.
Illumination profiles of 200 200 cells, where each cell
was 0:1 mm 0:1 mm, were projected onto the gel me-
dium using a modified video projector, with the illumina-
tion intensity adjusted to generate an excitable medium.
Waves were locally initiated by varying the light intensity
 according to the periodic perturbation
  0   sin2t; (1)
where the pacemaker region was comprised of a 60 60
cell array in the center of the medium [26]. In order to
insure that the wave initiation was resonance induced, the
excitability control parameter  was always maintained
such that   sn, where sn  8:80 102 mWcm2
corresponds to the maximum illumination possible for
oscillatory behavior, above which only steady state behav-
ior is exhibited. Because the system exhibits a subcritical
Hopf bifurcation for these experimental conditions (see
analysis below), the oscillatory regime extends to the
global saddle-node bifurcation where the stable and un-
stable limit cycles coalesce. Hence, the value sn corre-
sponds to the global saddle-node bifurcation, and
sn >H, where H is the light intensity corresponding
to the Hopf bifurcation point. Wave initiation by changing
the light intensity such that the system crosses the Hopf
bifurcation point is well known in the photosensitive BZ
reaction [27–29].
Figure 1 shows the resonance pacemaker in the BZ
system, where panel (a) depicts the initially quiescent
excitable medium, with the region of periodic perturbation
in light intensity shown by the central square. As shown in
panel (b), the variation of light intensity with an appropri-
ate amplitude and frequency results in the appearance of
wave activity at the center of the resonance pacemaker
region. The resonance initiation forms a wave that grows
and propagates outward in the form of a circular wave, as
shown in panels (c)–(e). Panel (f) shows the subsequent
wave being similarly initiated in the center of the pace-
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maker region. This process repeats as long as the light
intensity  is modulated in the pacemaker region. For
the particular period and amplitude used for Fig. 1, the
period of wave initiation is the same as the period of the
perturbation, corresponding to a 1:1 resonance pattern.
Different resonance patterns can be defined in terms of
the firing number, fn  p=q, where p is the number of
waves initiated and q is the corresponding number of
driving cycles. Hence, the firing number for the wave
pattern in Fig. 1 is fn  1.
The forcing period and amplitude were systematically
varied with the value of 0 near the oscillatory regime in
order to determine the parameter region where waves can
be initiated by the resonance. Figure 2(a) shows the
amplitude-frequency domain for resonance pacemakers
in the excitable BZ medium. We see that at and below
the amplitude corresponding to the saddle-node bifurcation
point (  0:0314 mWcm2) there is a range in fre-
quency and amplitude where waves can be initiated by
resonance.
More complex resonance patterns are possible, and the
firing number fn as a function of the period of the imposed
sinusoidal perturbations for a fixed forcing amplitude  is
shown in Fig. 2(b). Elements of a devil’s staircase can be
seen, with a wide region of 1:4 behavior and decreasing
regions of 1:3, 1:2, and 1:1 resonances, as well as a 2:3
resonance. Because the width of the resonance region
decreases with smaller forcing amplitudes, as shown in
Fig. 2(a), fewer resonance patterns can be resolved at lower
amplitudes.
Simulations of the resonance pacemaker were carried
out using an Oregonator model [30,31] modified to account
for the effects of illumination of the photosensitive
Belousov-Zhabotinsky (BZ) reaction [25,32]:

























FIG. 2. (a) Domain of resonance wave initiation for forcing
amplitude parameter  (in mWcm2) as a function of frequency
 (in s1). The parameter  was varied in increments of 2:2
103 mWcm2 and the period was varied in increments of 1.0 s
to determine the region of resonance wave initiation. The pa-
rameter value   0:0314 mWcm2, indicated by the dotted
line, corresponds to the maximum amplitude that guarantees
  sn, where sn  8:80 102 mWcm2. Solid curve
shows cubic spline fit of measured values (solid circles). The
three values at highest forcing frequency (  0:05, 0.08, and
0:15 s1) each represents an average of three measurements with
a resolution of 1:0 s in period; all other values are single
measurements with a 1.0 s resolution in period. (b) Firing
number fn as a function of the forcing frequency for  
0:0314 mWcm2. The resonances are indicated by the number
of waves initiated per number of driving cycles. Experimental
concentrations and conditions are the same as in Fig. 1.
FIG. 1. Resonance initiated waves propagating into an excit-
able light-sensitive BZ medium. Images collected at 20.0 s
intervals show the initiation of a wave in the initially quiescent
medium via localized periodic modulations of light intensity
according to Eq. (1), where 0  0:119 mWcm2,  
0:022 mWcm2, and   1:25 102 s1. The light intensity
ref  0:485 mWcm2 is applied to the remainder of the me-
dium to maintain it in an excitable state. (a) The local periodic
modulation in light intensity is applied to the center of the
medium (dark square) in a region of 60 60 grid points (6:0
6:0 mm2). (b) The initiation of the wave occurs in the center of
the resonance region, which then propagates outward, as shown
in (c)–(e). A wave is initiated every period of the light intensity
modulation, resulting in a 1:1 resonance pattern; the subsequent
wave initiation is shown in (f). The reaction is carried out in an
open reactor at 20.0 	C, which is supplied with fresh catalyst-
free BZ solution: 0.552 M NaBrO3, 0.026 M malonic acid,
0.162 M bromomalonic acid, 0.489 M H2SO4. Prior to mixing
and equilibration to the reaction temperature, all reaction solu-
tions were maintained at 0.0 	C to prevent decomposition.
Ruthenium(II) tris-2,20-bipyridyl, the light-sensitive catalyst,
was immobilized in a silica gel medium (0:3 20 20 mm3),
prepared by acidifying a solution of 15% w=w Na2Si3O7 and
1.88 mM Rubpy23 with H2SO4. The ruthenium containing gel
solution was then cast onto a microscope slide. Light from the
video projector was passed through a band pass filter with a
central wavelength of 460 nm, which is close to the excitation
wavelength of the catalyst.
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0@y  0Dyr2y 2hz yq x  p1;








where x, y, and z represent the dimensionless concentra-
tions of bromous acid, bromide, and the oxidized form of
the catalyst, respectively, and  is dimensionless time [33].
The parameter  represents the light intensity, which
serves to control the excitability of the medium. Because
the Ru(III) complex is immobilized in the silica gel, the
corresponding diffusion coefficient Dz  0.
The dynamics of Eqs. (2) without diffusion, Dx  Dy 
Dz  0, was analyzed by numerical integration and linear
stability analysis of the corresponding ordinary differential
equations, with the light intensity  serving as the bifur-
cation parameter [22,32]. The analysis revealed a subcrit-
ical Hopf bifurcation [32], where the global saddle-node
bifurcation occurs at sn  1:695 103 and the Hopf
bifurcation point occurs at H  1:687 103. The sys-
tem exhibits bistability between the stable steady state and
the stable limit cycle for H <<sn and exhibits only
steady state behavior for >sn.
Systematically scanning the forcing period and ampli-
tude with the value of 0 close to the oscillatory regime of
Eqs. (2) reveals the region in the parameter space where
waves can be initiated by resonance with the forcing.
Figure 3 shows an example of a resonance pacemaker, in
which the periodic forcing of the excitation occurs in the
central square. Awave is formed and proceeds to propagate
outward, as shown in (c) and (d). Panel (e) shows a second
wave initiated by the resonance pacemaker, with the re-
sulting wave shown in (f).
A detailed study of the resonance domain structure was
carried out in simulations with a one-dimensional array,
where the value of  was modulated in a central pace-
maker region. Figure 4(a) shows the resonance pacemaker
domain, which is subdivided into regions of more complex
resonances. We see regions of 1:1, 1:2, and 1:3 resonances
corresponding to one wave generated for every one, two,
and three forcing cycles. These subdomains are not adja-
cent but have gaps between them in which more complex
resonance patterns are exhibited. The full complexity of
the resonance patterns can be seen in Fig. 4(b), where the
firing number is plotted as a function of the forcing fre-
quency for a fixed value of  [34]. We see an almost
complete devil’s staircase, in which many higher-order
resonances are exhibited between the gaps of the primary
resonances shown in Fig. 4(a). The qualitative features of
the devil’s staircase are in good agreement with the experi-
mentally determined staircase shown in Fig. 2(b). We note
that the distortion of the resonance tongues gives rise to
irregular devil’s staircases at lower values of , for ex-
FIG. 3. Resonance pacemaker simulated with Eqs. (2) in a
two-dimensional domain of 100 100 grid points (x  0:02,
t  0:0001). The resonance region is 20 20 grid points in the
center of the domain (dotted square), in which the illumination
intensity is modulated according to Eq. (1). Images show be-
havior at   90 (a), 100 (b), 150 (c), 190 (d), 201 (e), and
250 (f). Control parameters:   3:24 104 and   0:01.
























FIG. 4. (a) Domain of resonance wave initiation for amplitude
parameter  as a function of frequency , computed from
Eqs. (2). The  values are scaled by a factor of 103. Shown
within the resonance pacemaker domain are mode-locking re-
gions with 1:1, 1:2, and 1:3 resonances, with higher resonances
occurring between these regions. The simulation was carried out
using a one-dimensional array of 50 grid points (x  0:02,
t  0:0001). The parameter  (light intensity) was maintained
at 2:021 103 everywhere except in a pacemaker region of
20 grid points, where it was modulated according to Eq. (1) with
0  2:021 103. The dashed line at   0:326 103
shows the value of the amplitude parameter necessary to reach
the saddle-node bifurcation point at sn  1:695 103. The
solid line at   0:333 103 shows the value of the amplitude
parameter necessary to reach the Hopf bifurcation point at H 
1:687 103. (b) Firing number fn as a function of the forcing
frequency for   0:324 103. The resonances are indicated
by the number of waves initiated per number of driving cycles.
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ample, where the gap between the 1:2 and 1:3 resonances
curls below the 1:2 resonance. Higher resolution simula-
tions show that the 1:3 resonance tongue along with the
higher resonances curl below and to the left of the 1:2
resonance. Distorted resonance tongues have also been
observed in the resonant phase patterns of a periodically
forced BZ system [35,36].
Our experiments and simulations show that small, local
modulations of excitability give rise to wave initiations in a
quiescent excitable medium, where the medium is globally
transformed from a stationary state to an oscillatory state of
successive traveling waves. The resonance pacemaker may
have practical implications in biological systems, since
resonances between physiological oscillators commonly
occur. Such wave sources in cardiac tissue could have
pathological consequences [19,37]. The resonance pace-
maker represents a new mechanism for wave formation in
excitable media.
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